In early theoretical investigations of the moving contact line [H.K. Moffatt, Journal of Fluid Mechanics, 18, 1-18 (1964), C. Huh and L. E. Scriven, Journal of Colloid and Interface Science, 35 (1971)], an infinite force along the solid wall was reported based off the non-integrable stress along a single interface. Contrary to these results, this investigation demonstrates that while the stress is still singular, there is a finite point force at the moving contact line singularity if the forces applied along all three interfaces that make up the moving contact line are taken into consideration. Mathematically, this force is determined by summing all the forces that act over an infinitesimally small cylindrical control volume enclosing the moving contact line. With this finite force, we predict the microscopic dynamic contact angle based off a balance of forces at the moving contact line and subsequently combine our model with Cox's model for apparent dynamic contact angle [R.G. Cox, Journal of Fluid Mechanics, 168 169-194 (1986)]. This combined model is in good agreement with published dynamic contact angle measurements and eliminates the microscopic dynamic contact angle as an empirical fitting parameter. In support of our results, the proposed analysis also independently predicts the known forces of two other singular Stokes flows that contain stress singularities, namely the cusped fluid interface and Stokeslet.
Introduction
The physics of wetting and dewetting have been investigated for several decades, however, despite these efforts, there is still no widely agreed upon theory or model [1, 2, 3, 4] . Some of the models that have been proposed include the hydrodynamic model [5, 6, 7] , the interface formation model [8, 9] , and the molecular kinetic model [10, 11] . While each of these models have presented some experimental validation, agreement between theory and experiment typically relies on empirically determined fitting parameters [12] . Consequently, many of these models are only applicable to specific experiments or geometries. In an effort to reduce the number of empirical parameters and improve our understanding of the MCL, this manuscript will investigate the well-known stress singularity and corresponding force of the hydrodynamic model.
The well-known stress singularity of the moving contact line (MCL) was first identified by Moffatt [13] , who modeled the MCL geometry using three planar interfaces with a dynamic contact angle φ, as seen in figure 1. In this formulation, the fluid-fluid interface moves with constant velocity U relative to the solid, leading to a multivalued velocity at the MCL. Moffatt provided the solution for a viscous fluid displacing an inviscid gas and reported an "infinite stress and pressure (both of order r −1 ) on the plate at the corner". Shortly after, Huh & Scriven [5] performed a similar analysis for two viscous fluids and reported that "the total force exerted on the solid surface is logarithmically infinite" and also that the "viscous dissipation is logarithmically infinite". As an infinite force and infinite viscous dissipation are not physical, Huh & Scriven, as well as many others, have concluded that the model fails at the MCL [14, 1, 7, 8, 15, 2, 3, 4, 16, 17] . Some have even referred to this result as "Huh and Scriven's paradox" [3] .
Following the works of Moffatt and Huh & Scriven, various mechanisms have been proposed to relieve the singularity at the MCL including fluid slip [14, 18, 19] , precursor films [1] , and diffuse interfaces [20] among others [21, 22, 23] . Fluid slip is the relaxation of the no-slip boundary condition, where the tangential velocity can be discontinuous across the fluid-solid interface. For the MCL problem, fluid slip allows the fluid particles to decelerate and stagnate at the MCL, thus removing the multivalued velocity and corresponding stress singularity. Typically, this fluid slip is characterized by the Navier slip boundary condition [24] , which dictates that the slip velocity is a function of a constant slip length times the shear stress. However, molecular dynamics simulations have provided evidence that the slip length itself may not be a constant but rather a function of the fluid stress [25, 26] . In general, MCL solutions subject to the slip boundary condition can only be obtained numerically, however, some analytic solutions do exist for select angles and constant slip lengths [27, 14] . Proponents of the precursor film argue that the solid surface is covered by a microscopic film and thus the contact line and stress singularity are entirely removed [1] . However, this is only possible in the limiting case of a perfectly wetting fluid and does not remove the singularity for a partially wetting fluid. Lastly, the diffuse interface model postulates that the fluid interface has finite thickness and permits mass transfer, effectively removing the singularity. Other mechanisms that remove the force singularity are not discussed here, but we refer the reader to the following articles [1, 15, 2, 3, 4] .
While all of these works treat the stress singularity as the root of the problem, we note that there are varying degrees of singularity, and that integrable stress singularities could be acceptable in a continuum model. As discussed by Dussan & Davis [28] , there are well accepted physical models that replace a distributed force over a small area by a point force and corresponding singular stress, e.g. the Stokeslet [29] . In such models, physical quantities such as displacement, velocity, and force can still be obtained despite singular stress fields. In this work, we will show that the classic hydrodynamic solution of the MCL is a singular continuum model much like the Stokeslet. By defining a control volume that encloses the entire MCL, we find that there is a finite force at the MCL despite a singular stress. In the following section, we begin by briefly reviewing the problem geometry and Stokes solution. In §3 we define a cylindrical control volume that encloses the MCL and show that a finite force can be obtained using either real or complex analysis. §4 presents a discussion of this finite force and a comparison with results reported in previous works. In §5, we explore the impacts of this finite force calculation and present a dynamic contact angle model with supporting experimental comparison. Lastly, §6 will connect this work to two known Stokes flow singularities that also predict singular stresses and finite forces. Concluding remarks are found in §7.
Problem geometry and Stokes solution to the moving contact line problem
In this investigation, the MCL is modeled using three planar interfaces, as seen in figure 2. For the following analysis, we define a cylindrical coordinate system (r, θ) and fix the origin to the contact line so that in this moving reference frame, the solid boundary moves with constant velocity U relative to the fluid-fluid interface. The dynamics of fluid I and II are governed by the Navier-Stokes equations given by
Re is the Reynolds number, u * is the dimensionless velocity, t * is dimensionless time, ∇ is the del operator, and p * is the dimensionless pressure. Note that pressure has been non-dimensionalized by µU/L where µ is the viscosity and L is the characteristic length scale also used to define Re. We assume that near the MCL, the characteristic length scale is small, so that as Re approaches zero, the inertial terms of equation (1) become negligible. Therefore, at small distances from the MCL, the Navier-Stokes equation is simplified to the Stokes flow equation given by For convenience, we will solve the equivalent biharmonic stream function equation given by
which can be derived by taking the curl of equation (2) . The general solution to the biharmonic equation, found in Appendix A, was first reported by Michell [30] and later extended by Filonenko-Borodich [31] . While all of the terms listed in the appendix satisfy the biharmonic equation, not all of them represent physical flows. Furthermore, depending on the order of r, the solutions are representative of specific types of corner flows [13, 32] . For the MCL problem considered here, the velocity of the solid boundary is independent of r, and thus the stream function for fluids I and II must have the form given by
and is the same class of solution as reported in [13, 5] . A, B, C, and D are real constants determined by the boundary conditions. The full analytic solution for these coefficients is presented in Appendix B. Given the stream function above, it is simple to show that velocity, pressure, and vorticity are given by
In this solution, the vorticity and pressure have two-dimensional dipole distributions. Next, we introduce a complex formulation for Stokes flows that will simplify some of the analysis performed in the following section. Langlois & Deville [33] demonstrated that for any flow satisfying the Stokes equation, the pressure and vorticity are harmonic conjugates. Therefore, we define the function G = µω + ip, which represents the shear and normal stresses. For the MCL flow with constant interface velocities, the general form of G for each fluid is given by
It is immediately apparent that G has a simple pole at the location of the contact line where z = 0. In the following sections, we will demonstrate that the contour integral of G has physical significance and is equal to the viscous force exerted by the fluid at the MCL.
Forces acting at the contact line
First, let us consider the singular and multivalued nature of the MCL. The fluid interface, like any mathematical surface, can typically be uniquely defined by a single unit normal vector. However, the contact line forms a corner along the fluid interface that is characterized by a singular curvature. Thus, there are multiple normal vectors that define the fluid interface at the MCL. Similarly, the tangential velocity boundary conditions enforce multiple velocities at the corner. Due to this multivalued velocity, the stress, vorticity, and pressure are also multivalued at the MCL. Consequently, care should be taken when defining a control volume to capture all of the forces. At the moment, we define a finite sized cylindrical control volume with radius centered around the contact line, as shown in figure 3 . As we will demonstrate later, this is the control volume necessary to derive the Young's equation and to capture all of the forces at the MCL. For a steady problem, the sum of all the forces per unit contact line length is given by Σf = n · T ds surface force + ρgdS body force
assuming massless interfaces [34] . T denotes the stress tensor, ρ denotes the density, g denotes the body force, the subscript π denotes surface quantities, [[·]] denotes jump discontinuities across an interface,n denotes the normal vector of the contour C, whilen andt denote the unit normal and tangential vectors of the interfaces. In the limit as → 0, the equation above represents the sum of all forces acting exactly at the MCL. For this analysis, we will assume that there are zero body forces (g = 0), zero surface tension gradients (∇ π · T π = 0), and planar interfaces ([[T ·n ]] = 0). As a result, the x and y component of the forces acting on the control volume are reduced to
where σ denotes the surface tension force between fluid I, II, and the solid. The effects of surface tension gradients are considered in a related work by Thalakkottor & Mohseni [35] . For the forces acting in the x direction, we decompose the stress integral into three segments that lie inside each material so that the integral above is rewritten as
Here, the integral of T S represents the force necessary to maintain the constant velocity of the enclosed solid. For a steady MCL, this force is equal and opposite the force that is exerted on the solid by the fluid, i.e. f FS . To evaluate the stress tensor integrals, we decompose the stress tensor as T =T − 2µB, whereT = −pI + 2µΩ is the reduced stress tensor, Ω is the vorticity tensor, and B = (∇ · u)I − (∇u) T is the surface deformation rate tensor. With this decomposition, the first stress tensor integral in equation (9) is rewritten as
The force contribution of the surface deformation rate tensor is identically zero, as one can show that
since both the radial and azimuthal components of velocity, as given by the Stokes solution, are independent of r. This is consistent with the findings of Wu et al [36] , who reported that the surface deformation rate tensor does not contribute to the total surface force over a closed boundary if viscosity is constant. By substituting the solution for pressure and vorticity into the first term on the right hand side of equation (10), we obtain
The result above shows that the viscous force contribution from fluid I is independent of r and a function of contact angle, viscosity, and interface velocity only. The same analysis performed on the segment that lays in fluid II and for the fluid stress integrals in the y direction allows us to rewrite equations (7) and (8) as
and represents the x and y component of the force exerted on the solid by the fluid. Note that the expressions above are independent of r, so that even in the limit as → 0, the total force exerted by the fluid at the MCL remains finite despite a singular stress. Conceptually, one can think of this as an infinite stress acting on an infinitesimally small area, resulting in a finite point force. The equations above are known analytically and depend only on the parameters of surface tension force, fluid viscosity, interface velocity, and contact angle. In the limiting case where the interface is stationary, the stress integral in equation (7) is zero in the limit of → 0 and we obtain the well-known Young's equation.
Thus far, we have demonstrated that the sum of all forces acting on an infinitesimal cylindrical control volume enclosing the MCL is finite. In the following section, we present a complex formulation of the MCL problem that yields the same finite force at the MCL, but avoids some of the algebra through the use of Cauchy's residue theorem.
Complex formulation of the moving contact line force
As mentioned previously, the viscous force at the MCL can be formulated using the complex function G = µω+ip. As we will now show, the complex contour integral of G will predict the same finite viscous force found above. At the beginning of this work, we defined the reduced stress tensorT using pressure and vorticity only. Thus, it is not all that surprising that the contour integral ofT can be written in terms of a complex contour integral of G, that is
Here, the real and imaginary components are exactly equal to the stress integral terms of equations (7) and (8) and correspond to the viscous force exerted by the fluid in the x and y directions. In contrast to the analysis above, this formulation reveals that we can avoid the tedious algebra of integratingT , and instead evaluate the left hand side of equation (13) using Cauchy's method of residues [37] . However, the standard residue theorem cannot be applied over the contour C, as the function G is piecewise holormophic within the contour. Therefore, it is necessary to decompose the contour C into the three subcontours C I , C II , and C S that enclose each phase, see figure 4 . Inside each subcontour, G is entirely holomorphic and the pole resides at the MCL (z = 0). Thus, we can treat the contour integral of G I and G II using Cauchy's residue theorem and the Sokhotski-Plemelj formulas [38] so that we obtain
Additional details regarding the Sokhotski-Plemelj formulas and the treatment of singularities residing on the contour can be found in Appendix C. As before, the integral G s is equal and opposite the force that is exerted on the solid by the fluid. The real component of the complex contour integrals above can be substituted into equation (9), and we once again obtain equation (11), representing the balance of viscous and surface tension forces at the MCL. Similarly the imaginary components can be used to obtain equation (12) . Interestingly, one can use the complex contour integral of G to find the total surface force for any Stokes flow. As we will show in §6, this complex analysis correctly captures the viscous force exerted by two other singular Stokes flows that have similar pressure and vorticity fields. In the following section, we compare our result to previous works and discuss the physical implications and limitations of this solution.
Discussion of the MCL force
The analysis of the previous section shows that the force at the moving contact line predicted by the Stokes solution is finite. However, previous works [5] have reported a logarithmically infinite total force on the solid. So why does the analysis above predict a finite force when others report an infinite force? To understand the distinction, we first replicate the result of Huh & Scriven, by integrating the stress of fluid I along only the fluid-solid boundary, i.e.
where R is some finite length. From the solution provided in §2, one can show thatê y · T 1 ·ê x = −µ I ω I , and that the integral above is improper, as ω I is singular at r = 0. Therefore, this integral can only be evaluated in the limit, that is
Thus, the viscous force exerted by fluid I along the fluid-solid interface is logarithmically infinite. The same analysis performed for fluid II at θ = 180
• yields another infinite force. Individually, fluid I and II exert infinite forces along the fluid-solid interface, however, the sum of these two infinite forces is undefined or infinite depending on the sign of D. Note that in this approach, only the forces along the fluid-solid interface are considered. This would contradict Young's equation, which clearly includes the point surface tension force of the fluid-fluid interface that only exists at r = 0 on the solid boundary, and nowhere else. Based on the discussion above, we find that the distinction between our analysis and previous results, is the inclusion of forces acting along the fluid-fluid interface. In works that report an infinite force, it appears that the MCL was viewed as an extension of the interface between a single fluid and solid. Thus, the force was determined by integrating the fluid stress along the fluid-solid interface only. However, the MCL is not an extension of the standard fluid-solid interface, but rather a limiting case of three immiscible materials intersecting at a common line, where one material is a solid. From this perspective, it is natural to define a control volume that encloses all three materials and the MCL, as discussed in §3 and by Slattery et al [34] . By defining the control volume in this fashion, we include the forces that act on the fluid-fluid interface and capture the multivalued nature of the MCL. To physically understand why the total force at the MCL remains finite, consider the annular contour C I with inner radius R i and outer radius R o that lies inside fluid I, as shown in figure 5 . One can show that the stress along the two radial segments and the stress along the two azimuthal segments are exactly equal and opposite, that is Thus, the force acting along the fluid-fluid interface is balanced by the force acting along the fluid-solid interface. Similarly, the forces along the two azimuthal arcs balance each other and the total surface force acting on the contour C I is zero. In fact, any contour path that does not enclose or pass through the singularity will yield zero total surface force. If we shrink the radius of the inner arc to zero, the contour C I is reduced to C I and passes through the singularity, as shown in figure 4 . Here, the logarithmically infinite force along the fluid-solid interface is balanced by the force along the fluid-fluid interface, as the stress along each boundary approaches positive and negative infinity at the same rate. A similar cancellation of logarithmic singularities is reported in the work of Jones [39] when the free vortex sheet is shed tangentially from the plate edge. In the end, the total force exerted by the fluid is given by the azimuthal arc and remains finite no matter how small C I becomes. While the analysis above demonstrates that there is a finite force at the MCL, the model is not without its limitations. One such limitation is the viscous dissipation per unit volume, which scales as r −2 . This dissipation is non-integrable for both fluids and results in a singular total energy. However, this does not affect the balance of momentum so long as density and viscosity are constant. Interestingly, this singular energy is not unique to the MCL problem and appears in several other two-dimensional singular continuum models. For example, the potential line source/sink and line vortex have infinite kinetic energy at the singularity [40] . From electromagnetism, the energy per unit volume for an infinite line charge or infinitely long current carrying wire is also singular [41] . These singular magnitudes in energy are a consequence of modeling some finite sized physical feature as a singular point, where some desired integral quantity is preserved. For example, the potential line vortex is the limiting case of a Rankine vortex where the radius of the central core is reduced to zero while preserving the total circulation. In this limit, circulation can only be preserved if angular velocity approaches infinity, therefore, the potential line vortex exhibits infinite kinetic energy. Despite this non-physical kinetic energy, potential flow theory has successfully modeled a wide range of high Reynolds number flows. Similarly, the MCL model presented in this manuscript is the limit where the fluid slip region has been reduced to a infinitely small point while preserving the total force.
In the end, we recognize that these singular continuum models are idealized representations of the true physical phenomena. For the MCL problem, this relatively simple model will require additional development in order to capture the transfer of energy. However, it is still valid when considering forces and momentum transfer near the MCL. In the following section, we explore the impact of this model on the prediction of dynamic contact angle.
Dynamic contact angle model
As mentioned previously, equation (11) is reduced to Young's equation in the limiting case where the fluid is stationary. Using Young's equation, one can theoretically predict the static contact angle if the surface tension forces are known. Similarly, we can use equation (11) to obtain a theoretical prediction of the steady state dynamic contact angle if the viscous forces balance the surface tension forces. As a representative example, we apply our model to the Brookfield std. viscosity fluid and 70% glycerol solution, whose dynamic contact angles were experimentally measured by Hoffman [42] and Blake & Shikmurzaev [43] , respectively. In this example, these two fluids and experiments are chosen for their contrasting fluid properties and problem geometries. However, the same analysis can be applied to other fluids and geometries as well. As shown in table 1, the Brookfield fluid has a high viscosity and perfectly wets the solid while the glycerol solution has a significantly lower viscosity and only partially wets the solid. With respect to problem geometry, Hoffman measured the contact angle of a liquid slug as it was pushed through a 1.95 mm precision bore tube. On the other hand, Blake & Shikhmurzaev used an entirely different experiment and measured the dynamic contact angle created by plunging a smooth tape into a large bath of fluid. Despite these two very different fluids and experiments, we will see that the theoretical model performs quite well.
Brookfield std. viscosity fluid (Hoffman 1975 Given the fluid properties in table 1, we use equation (11) to obtain a theoretical prediction of dynamic contact angle as a function of Capillary number (Ca = µU/σ), as shown in figure 6(a). As one might expect, the predicted contact angle approaches the static contact angle as Ca approaches zero. We also observe that the glycerol solution exhibits a relatively smaller change in contact angle as Ca increases. This is due to the significantly larger viscosity of the Brookfield fluid which allows it to more easily reduce the contact angle of the receding air phase. However, the theoretically predicted angle shown in figure 6(a) is not the apparent contact angle (φ D ), but rather the microscopic contact angle φ m discussed by Cox [7] , as equation (11) represents the force balance exactly at the MCL. In the model proposed by Cox, the apparent contact angle is given by the relation
where ε is the ratio of the inner length scale to the outer length scale, λ = µ II /µ I , and g(λ, φ) is given by
If we combine our current model with Cox's model, using equation (11) to theoretically predict φ m , we obtain the curves shown in figure 6(b) with ε = 10 −4 . Overall, there is good agreement between the theoretical apparent dynamic contact angle and the experimental data of both Hoffman and Blake & Shikhmurzaev. At low Ca, the current model diverges slightly from the experimental data of the glycerol solution. This difference could be created by small errors in static contact angle measurement, or by differences in the way apparent contact angle is defined as Cox's model determines the apparent contact angle by extrapolating the outer, static interface back to the solid [44] . Alternatively, Blake & Shikhmurzaev determined the apparent contact angle based on the resolution of their experimental optics. While not shown in detail, the same analysis was also applied to all of the fluids tested by Hoffman and Blake & Shikhmurzaev. The comparison is shown in figure 7 where the magnitude of g(λ, φ D ) − g(λ, φ m ) is plotted against Ca ln(1/ε) so that the model can be represented by a single curve regardless of static contact angle or viscosity ratio. As before, the model performs well and captures the dynamic contact angle behavior. There is some deviation at high Ca, however this is to be expected as Cox's model is derived by assuming Ca 1. [42] and Blake & Shikmurzaev [43] , respectively. Microscopic dynamic contact angle is obtained using equation (11) and the MCL solution presented in §2. (b) Apparent dynamic contact angle comparison between experimental measurements and current theoretical model. The current model uses Cox's model [7] where the microscopic contact angle, φm, is theoretically predicted by equation (11). All glycerol solution data points were adapted from Blake & Shikmurzaev [43] while the remaining data points were adapted from Hoffman [42] . To collapse the model regardless of static contact angle or viscosity ratio, the data is presented as g(λ, φ D ) − g(λ, φm) vs. Ca ln(1/ε) where ε = 10 −4 .
In this current model, φ m does change with respect to Ca, as predicted by Ramé et al [44] . This is in contrast to Cox, who assumed that φ m was a constant and equal to the static contact angle. By removing this assumption and using the finite force analysis above, we eliminate φ m as an empirical fitting parameter. In this work, the finite force analysis does not provide a means of determining the length scale ratio, ε. However, in all test cases considered here, we found that the results are not particularly sensitive to ε, and a constant value of 10 −4 was used for all experimental comparisons despite the vastly different fluid properties. This suggests that, at least for these test cases, ε could be treated as a constant that is independent of the fluid properties and experimental set up.
In addition to providing a theoretical model of the dynamic contact angle, this model could be useful in multiphase numerical simulations. At present, physical phenomena in multiphase simulations span several orders of magnitude. Convergence of the numerical solution is extremely sensitive to the prescribed contact angle and grid size [45] . In general, grid convergence is only achieved when the grid resolution of the simulation is the same order of magnitude as the slip length, typically 10 −7 m to 10 −9 m for water. Thus, the required number of grid points for most simulations is extremely large. In order to reduce the computational cost and improve accuracy, the Stokes flow solution could be used as a subgrid model. In such a scheme, the minimum grid size would be determined by the validity of the small Re assumption. The implementation of a Stokes flow subgrid model is outside the scope of this publication, but will be investigated in future works.
Comparison with similar singular Stokes flows
While unfamiliar in the context of a moving contact line, a finite force corresponding to a singular stress is not unprecedented. In fact, there exist two other Stokes flows that contain stress singularities and that have known finite forces, namely the cusped interface flow and Stokeslet. The cusped interface flow, investigated by Richardson [32] and Joseph et al [46] , is created by two submerged cylinders rotating with constant angular velocity. Under the right conditions, the fluid interface will develop a cusp singularity. The stream function near a cusped interface is reported by Richardson as
It is easily shown that the complex formulation of this flow is given by
Evaluating equation (13) using Cauchy's residue theorem for a singularity that lies on the contour and at a cusp yields a force per unit length of f = 2σ, in agreement with Richardson. A similar analysis can be performed for a two-dimensional Stokeslet, i.e. the flow that is created by an infinitely small cylinder moving through a quiescent fluid [47, 29] . For a Stokeslet that is aligned with the y-axis, the stream function and complex function G are given by
where α is the strength of the Stokeslet. Evaluating equation (13) for a contour path that encloses the Stokeslet yields a force per unit length of f = −µα. This result is consistent with the force reported by Avudainayagam & Jothiram [47] . As discussed previously, the viscous surface force in a Stokes flow is solely determined by the pressure and vorticity. From the complex function G, we see that despite the different velocity fields, both the Stokeslet and the cusped fluid interface have vorticity and pressure fields that take the form of a dipole. In addition to a singular stress and finite force, we also note that the Stokeslet, cusped interface, and MCL singularity all predict infinite viscous dissipation per unit volume at r = 0. While this dissipation is singular, numerous applications of the Stokeslet singularity [48, 49] have demonstrated that the finite force predicted by these singular models can still be used to model physical problems.
Concluding remarks
In this publication, the force at a moving contact line was theoretically investigated using the Stokes flow solution. By defining a cylindrical control volume around the MCL, we were able to show using both real and complex analyses that the total viscous force exerted by the fluids on the solid is finite despite a singular stress. Unlike previous works, this control volume accounts for the forces that act on the fluid-fluid interface in addition to the forces that act on the fluid-solid interface, much like the well-accepted Young's equation for a static contact line. With this finite force, we are able to theoretically predict a steady microscopic dynamic contact angle based on a simple balance of forces at the MCL. As validation, we combined our model for microscopic contact angle with Cox's model for apparent contact angle and achieved a good match with experimental measurements. Furthermore, this finite force calculation allows one to eliminate the microscopic contact angle as a fitting parameter from Cox's model, so that the model is more predictive and less empirical. Lastly, we presented additional support for our finite force calculation by independently identifying the finite force associated with the well-known cusped fluid interface and Stokeslet.
In the field of wetting and dewetting, a finite force despite a singular stress is somewhat atypical. However, if we look to other fields, we find that there are many well accepted two-dimensional singular continuum models with similar characteristics. In electromagnetism, electric fields are singular at the locations of line charges. Through Gauss' law, we know that the strength of the point charge is finite despite the fact that the electric field is singular. In potential flow, line sources and line vortices are regularly used to model flows at high Reynolds numbers. Despite the fact that the velocity or shear stress approaches infinity at these singularities, they still conserve physical quantities such as mass flux and circulation. These singular models do not need to resolve the exact physics that occur at the singularity in order to correctly model the global features of the problem. In this sense, there may be fluid slip extremely close to the moving contact line, however we do not need to resolve it as we can already obtain the contact line force and nearby velocity field. From this perspective, the point force at the moving contact line is merely a different physical application of the same mathematical concepts that are well accepted in other fields. At present, the MCL model retains a singular stress and infinite viscous dissipation at the corner singularity and are known limitations of this model. Motivated by the results of this work, future works will seek to extend this model so that it can accurately capture the transfer of energy at the MCL. 
